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Analysis of Passive Damping in Thick Composite Structures

‘ D. A. Saravanos*
Ohio Aerospace Institute, Brookpark, Ohio 44142

Computational mechanics for the prediction of damping and other dynamic characteristics in composite
structures of general thicknesses and laminations are presented. Discrete layer damping mechanics that account
for the representation of interlaminar shear effects in the material are summarized. Finite element based
structural mechanics for the analysis of damping are described, and a specialty finite element is developed.
Applications illustrate the quality of the discrete layer damping mechanics in predicting the damped dynamic
characteristics of composite structures with thicker sections and/or laminate configurations that induce inter-
laminar shear. The results also illustrate and quantify the significance of interlaminar shear damping in such

composite structures.

Nomenclature
[41, [B]], = extensional, coupling, and flexural/shear
[D/™] ) laminate stiffness matrices
[A4l, [Bj], = extensional, coupling, and flexural/shear
V0748 laminate damping matrices

[A,,], [BL], = extensional, coupling, and flexural/shear

{Dim} laminate generalized mass matrices
[C] = damping matrix, structural
E = normal modulus
Fi(z) = interpolation function
G = shear modulus

h = cross-sectional thickness

[K] = stiffness matrix, structural

1 = beam length

[M] = mass matrix, structural

Ne, N/ = midplane and generalized stress resultants

[O] = composite stiffness matrix

[R] = strain shape function

S = maximum stored strain energy, per cycle

u, v, w = axial, transverse, and through-the-thickness
displacements, respectively

X, ¥ Z = axial, transverse, and through-the-thickness
structural axes

o, B = plate dimensions along x and y axes,
respectively

AS = dissipated strain energy, per cycle

{e} = engineering strain tensor

7 =loss factor

v = Poisson’s ratio

o = mass density

¢ = shape function

v = specific damping capacity

o) = natural frequency

Subscripts .

c = composite (structural coordinates)

e = element

L = laminate

/ = composite (material coordinates)

m = mode order, x direction
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n = mode order, y direction

1 = normal longitudinal (direction 11)

2 = normal transverse, in plane (direction 22)

3 = normal transverse, out of plane (direction 33)
4 = interlaminar shear (direction 23)

5 = interlaminar shear (direction 13)

6 = in-plane shear (direction 12)

Superscripts

J v = generalized

o = midplane

; Introduction

HE significance of passive damping in improving the

dynamic performance of flexible structures requiring
tight vibration control, high fatigue endurance, and accurate
positioning devices and sensors has been recently emphasized.
In addition, low levels of damping are also considered benefi-
cial in actively controlled structures because they typically
improve the robustness of the controller. As a result, the
prediction and tailoring of the passive damping capacity of
polymer matrix composite structures are receiving current at-
tention.

Various damping mechanics theories for unidirectional
composites, laminates, and structures have been reported, and
a representative selection is mentioned here."!! However,
most of the previously mentioned work is limited to the classi-
cal laminate theory assumptions that neglect interlaminar
shear effects; hence, this work is suitable only for thin lami-
nates. Moreover, interlaminar shear effects are more critical in
laminated composite structures because of their through-the-
thickness inhomogeneity and anisotropy than in homogeneous
isotropic materials. Therefore, interlaminar shear damping is
expected to be significant in composites, particularly in lami-
nates of thicker sections. Yet limited research has been re-
ported in this direction.!?

This paper presents recent developments on discrete damp-
ing mechanics enabling more accurate prediction of damping
properties in thick composite structures. The modeling of
damping at the laminate level is based on a novel discrete-layer
laminate damping theory (DLDT) that assumes a discrete yet
piecewise continuous displacement field through the laminate.
The DLDT effectively captures both interply and intraply
stresses. The overall damping capacity of the laminate in-
cludes contributions from extension, flexure shear, and vari-
ous material coupling from possible asymmetries that may
exist due to the heterogeneous nature of the composite lami-
nate.

Semianalytical methods were first developed for the predic-
tion of modal damping and other dynamic characteristics of
thick specialty composite plates. !> This method was exact and
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computationally inexpensive, but its applications were limited.
To simulate damping in composite structures of general thick-
ness, shape, lamination, and boundary conditions, generalized
structural mechanics based on finite element discretization
were developed. This approach is described in the following
sections. A specialty four-node element incorporating the
aforementioned discrete-layer laminate damping theory is de-
scribed. Generalized damping, stiffness, and mass element
matrices are formulated. Therefore, in addition to improved
modal damping predictions, more accurate calculations of the
dynamic response and stresses may also be obtained.

Evaluations of the damping mechanics are presented. The
validations include either direct comparisons with known ex-
act solutions for composite plates or comparisons between the
DLDT and classical damping theory. The significance of inter-
laminar shear damping contributions is also quantified. Fi-
nally, the effects of thickness and lamination on the damped
dynamic characteristics of composite plates and beams are
investigated.

Composite Mechanics

This section briefly reviews the synthesis of damping for
on-axis composites (damping along the material axes), off-axis
composites (unidirectional composites loaded at an angle),
and composite laminates of general stacking sequence. The
measures of damping used in this paper will be primarily the
loss factor n and secondarily the specific damping capacity
(SDC) ¥ (n = ¥/27).

Unidirectional Composites

For a unidirectional composite loaded along the material
axes (see Fig. la), closed-form expressions have been devel-
oped for the synthesis of elastic and dissipative properties.” In
summary, five independent elastic parameters completely
characterize the stiffness of a unidirectional composite (or-
thotropic but transversely isotropic material). An additional
four independent damping loss factors characterize the com-
posite damping, that is, longitudinal damping »,;; (direction
11), transverse in-plane damping 7,5, (direction 22), transverse
through-the-thickness damping 7,33 = 1,22 (direction 33), in-
plane shear damping 7,6 (direction 12), interlaminar shear
damping 7,44 (direction 23), and interlaminar shear damping
Mss = 66 (direction 13). Both damping and elastic properties
are explicitly related to the fiber and matrix properties and to
the fiber volume ratio (FVR). ‘

For the case of off-axis composites, i.e., composites loaded
at an angle 0, a 6 X 6 damping matrix [5.] best describes the
damping of the composite. More details about this off-axis
damping matrix are provided in the Appendix and Refs. 7 and
13. Off-axis loading affects the overall damping capacity of
the composite in two distinct ways that are uncommon to
isotropic materials: by altering the dissipative capability of the
ply directly associated to normal and shear strains and by
inducing damping coupling between normal and shear strains.

Thick Laminates

To model the damping of thick composite laminates, a
discrete-layer laminate damping theory incorporating a piece-
wise continuous displacement field through the thickness is
developed. The kinematic assumptions for the laminate theory
are schematically shown in Fig. 1b. Discrete-layer or general-
ized laminate theories have been proposed!*!s for the more
accurate calculation of stresses in thick laminates. However,
with additional developments presented herein, the DLDT
combines the potential for accurate damping predictions in
composite laminates while maintaining generality and ele-
gance. The assumed displacement field has the form,

ulx, y, 2, t)=u’(x, y, t) +atlx, y, z, t)
v(x, y, 2, 1) = vo(x, Y, 1+ ¥x, y, 2, 1) @

wix, ¥, z, t) = wo(x, ¥, )

where superscript o represents the uniform through-the-thick-
ness midplane displacement, and the overbar indicates the
through-the-thickness variation in the displacement field. As-
suming that the displacements are separable functions of z,
Egs. (1) take the following form'>;
N
u(x, y, z, t) =u’x, y, )+ 3, wi(x, y, t)Fi(z)
1

=
N
v(x, 3, 2, ) =vox, y, )+ X Vi, y, DFIR) ()
B j= 1
wx, ¥, 2, 1) = wo(x, y, t)

where 1/ and v/ are displacements along the x and y directions,
respectively, at the interfaces between composite plies or sub-
laminates (group of plies). The various F/(z) are interpolation
functions. In this manner, the assumed in-plane displacement
field is general, in that it may represent extensional, flexural,
shear, and coupled deformations as well as interlaminar shear
strains through the thickness of the laminate. '

The engineering strains {e.} in each composite ply are di-
rectly derived from Egs. (2):

N
a=e+ L eul@) i=1,2,6
~

N
i =€+ X elFL(R) i=4,5 €))
i=1

6c3=0

The normal strain e.; is zero as a result of the assumed con-

stant through-the-thickness deflection w. The midplane

strains are given by )
€ =us

€=V €e=us +v5

@
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Fig. 1 a) Unidirectional composite and b) kinematic assumptions of
laminate damping theories, classical laminate damping theory, and
discrete-layer damping theory.
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and the generalized strains are

€ = U €=V, €6 = Uy + Vi )
o o 6)
€eq =V’ €5 = u’

The comma in the subscripts indicates differentiation.

The dissipated strain energy per unit area of the laminate
ASL is

1 h/2
ASL =3 j 2W€Z[Qc][ﬂclfc dz (6)
2 —h/2

where [Q.] is the off-axis composite stiffness matrix.- Combi-
nation of Eqgs. (6) and (2-5) ultimately provides the dissipated
strain eriergy per unit area,

N
AS; = 1/227r<egT[Ad]eg +2e27 Y [Bjle
J=1

N N . .
+X X fch[D{z'"]eZ”> Q)]
Jj=1m=1

where [4,] includes out-of-plane shear terms. The generalized
coupling damping matrices [B;] and flexural/shear matrices
[D}"] are new. The matrix expressions in Eq. (7) are given by

N hi
[4,]1= X 5 [Qclklncli dz

=1 Jhey

N; hi
Biln= Y j (0TI )nF (@) dz

in=1,2,6
= ey
. N [ .
[Bilin = ); Sh ([Qckcl)inf(z) dz in=4,5
v e ®)
[DF"lin = kg& Qi) )inF/(R)F™z)dz  in=1,2,6

k—

N [ Ak .
D" n = X S Qe )inF(IFF(2) Az i,n =4, 5

=1J

Similarly, the maximum laminate strain energy per unit area
S; is by definition

1 h/2
Sy = E S EE[QC]EC dz ©®
—h/2

Combination of Eqgs. (3-5) and (9) provides the maximum
strain energy as a separable form of material properties and
strains,

N
S = Vz(eé’T[A]e‘Z +2¢7 Y [BYleL
Jj=1
N N .
+X ¥ e’cT[Df’"]eZ"> (10)
Jj=1m=1

where [4] has additional out-of-plane shear terms.!s The ma-
trix expressions are given by

Ny hi
[A1= Y S [Qclx dz

=1 Jiy _

N, ki
B = X S (1Qc))inF(z) dz

in=1,2,6
=L Jdhe
Ny hk
(B, = ijl L (Ql)nF ) dz  in=4,5 (11)
. e k-1
(D) = k);l L (Q1)unf 2)F"z) dz 4n=1,2,6

Lin=4,5

Ny Ak )
D", = 3 § Q1) (z)F7 (z) dz

=1 Jn

Considering Eq. (2), the laminate kinetic energy per unit area
takes the form

N
K = 1/z<{u0}T[AM1{u°} +200)T B (B 1)
i~
+,).“.1 L {W}T[Dﬁ”]{u'"}> (12)
Jj=1m=

where the generalized laminate mass and inertia matrices are
defined as

Ny hk
[Ay] = g L diag(o,) dz
. Ny hi o
[Bi] = k);l L diag(ex)F/(z) dz (13)

N hi
IDif1= X j diag(od) FIR)F () dz

k=1 Jhg_y

The term diag(p,) indicates a diagonal matrix, with all diago-
nal terms equal to the density of the kth ply. The kinetic
energy in Eq. (12) includes contributions of rotational inertia.
As seen, the proposed laminate damping mechanics are gen-
eral, and they can handle any laminate configuration in terms
of composite plies, ply angles, laminate stacking sequence,
and thickness.

Simply Supported Composite Plates

Based on the laminate mechanics just described, exact solu-
tions of the damped dynamic characteristics for specialty com-
posite plates have been obtained and summarized herein for
the sake of completeness.'® These exact and computationally
inexpensive predictions of static and dynamic characteristics
(modal damping, natural frequencies) provide valuable insight
into the mechanics of the problem and establish a baseline for
validating approximate numerical methods. Most other lami-
nations, boundary conditions, and structural configurations
require approximate discretized solutions, and such finite ele-
ment based computational mechanics are described in the next
section.

For a rectangular o X 8 simply supported (SS) composite
plate with negligible coupling (4= A =0, Bjs= Bjs =0,
D{? = D = 0), the following Navier fundamental solutions
form a complete set of mode shapes in the x-y plane:

ul,(x, y, 1) = US, cos(ax)sin(by)e™

vo.(x, ¥, 1) = VO, sin(ax)cos(by)e!

Won(x, ¥, 1) = W3, sin(ax)sin(by e’ (14)

ul, (x, y, 1) = U, cos(ax)sin(by)e’!

vl (%, ¥, t) = Vi, sin(ax)cos(by)e™!
where @ = mn/a, b = nx/B3, and the fundamental solutions in
Eq. (14) are chosen because they satisfy the boundary condi-
tions of the simply supported plate.

Combination of Eqs. (4), (5), and (14) yields the modal
midplane and generalized strains as separable functions of x,
y coordinates, time, and amplitudes:

{eo}mn = [Br(r)m]{ Urtr’m }eiwt {el}mn = [B{nn] { Urj;m }eiwl (15)
where the terms in matrices [B,,,] are sinusoidal functions of

X, y coordinates and mode order. The amplitude displacement
vectors are {U°} = {U°, V°, W°}T and (U’} = {U/, V)T,
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By substituting Eqs. (15) into the strain and kinetic energy
expressions for the laminate, Egs. (10) and (12), respectively,
integrating over the plate area, and applying Lagrangian dy-

namics, the modal analysis (free vibration) solution of the °

plate takes the form
_w%nn[an]Umn + [Kmn]Umn =0 (16)

where the through the-thickness modal displacements are
{Upn} = {US; Uy ..., UN,}. Numerical solution of this
eigenvalue problem provides the natural frequencies w,,, and
the through-the-thickness modes { U,,,} for each order mn of
plane modes, in the context of Egs. (14).

The modal damping associated with the mnth vibration
mode 7, is

.[A ASLmn d4

jASLmn d4 (1 7)

1
Non = "2_
where AS; .., and S;,,, are the dissipated and maximum lami-
nate strain energies of the associated mode.

Finite Element Method

Computational finite element based mechanics for the
damping analysis of thick composite structures of general
laminations and shapes were developed, based on the DLDT,
and are summarized herein. In view of the generalized lami-
nate strains and stresses described in the preceding sections,
the variational formulation of the equilibrium equations for
the candidate structure takes the form

N
—S {66°TN0+ ) 6efTNJ} dA
A

i=1

o .

—g iﬁuOT[A,,,]ii°+ 26u°TY, B i/
A i=1

aufT[D{;,’"]ii”’} dA + suF;

+ j suTF, ds = 0 as)

For viscoelastic constituents, the constitutive viscoelastic
law between generalized stresses and strains at the laminate
level may be eventually expressed by the following convolute
products,

N"(t)—[A(t)]*€°(t)+ E [B™(t)}*em(2) 19
Ni@) = [BiO)=<(t) + E [D’”'(t)]*e’"(t), J=L...,N

where * indicates a convolution operation, for example,

t

O — ] de(n) (20)

O = [Qc]*ec = S‘

Hence, the first left-hand integral in Eq. (18) represents both
stored and dissipated strain energies during the virtual dis-
placement. The elastic laminate relations will result from Eq.
(19) if time effects are neéglected. Also, viscous damping is a
special case of Eq. (18). In the frequency domain (harmonic
vibration), Egs. (19) will result in equivalent expressions of
complex laminate stiffness, with storage and loss stiffness
matrices described in Egs. (8) and (11), respectively.

The variational relationship may be discretized to an ap-
proximate equivalent system of dynamic equations, if the
reference and generalized displacements are discretized as fol-
lows: .

nodes
(uo, vo, wey = % [&1{uf, v, w)
nodes i=1 2D

(W, vi} = ¥ [®1ul, v/}, Jj=L...,N
i=1

where subscript / indicates the ith node, and the various &; are
interpolating functions. The reference and generalized strain
shape functions, [R°]; and [R]; interpolating the strains to the
nodal displacements, are obtained by differentiating Eq. (21)
in accordance with Egs. (4) and (5). Then the damping or loss
element matrix [C,;] for nodes i and j takes the following
form:

R{TIAJR? RITIBIIR; --- R"T[B,’,V]R
RTIBJIR? RIIDNR; --- RTIDNIR;
[Ceij]=j . . . dA,
Ae . . DS -
RTIBYIR? RTIDJIR} --- RTIDJMIR;

(22)

where A, is the area of the element. The area integration is
performed numericaily. The stiffness and mass matrices of the
element, [K,;] and [M,;], respectively, have analogous forms.
Subsequently, the dissipated and maximum stored strain ener-
gies of the element are given by

ASy = WUTICHU;  Soy = BUTKgIU;  (23)
and the modal damping of the nth mode 7, is expressed as the
ratio of the dissipated over the maximum modal strain energy
of the structure:

1 ZAS

24
27 ESeiin @4

M =

In this context, a bilinear four-node plate element was devel-
oped. Selective integration was used to avoid overstiffening of
the element in the case of low thickness. Such overstiffening
was observed with full integration.

Applications and Discussion

To demonstrate the quality and versatility of the composite
mechanics, applications on graphite/epoxy composite plates
and beams were performed. When applicable, numerical re-
sults obtained with the aforementioned element were com-
pared with the exact solutions. In all other cases, the predic-
tions were compared with results obtained using a triangular
plate element based on classical laminate damping theory
(CLDT)." Both elements will be referred to, respectively, as
DLDT and CLDT finite elements hereafter. The composite
material used in ail applications was HM-S graphite/epoxy of
50% FVR, with typical mechanical properties shown in Table
1. Measured data for this composite are provided in Ref. 9.
The properties of the fibers and the matrix were backcalcu-
lated using micromechanics® to match the measured properties
of the composite. Unless otherwise stated, the nominal thick-
ness of each composite ply was taken as 0.254 mm (0.01 in.).

[04/904]); Simply Supported Composite Plate

Figure 2 shows predicted natural frequencies and modal
damping values of the fundamental mode of a [0,/90,), square
composite simply supported (SS) plate as functions of thick-
ness aspect ratio (a/h), where h is the plate thickness. The
modal characteristics of the first four modes, that is, modes

Table 1 - Mechanical properties of the HM-S/epoxy system

HM-S/epoxy?

Epoxy HM-S graphite (0.50 FVR), %
E = 0.500 Mpsi Ef11 = 55.0 Mpsi g1 = 0.072
(3.45 GPa) (379.3 GPa)
G =0.185 Mpsi Eps = 0.9 Mpsi m22 = 0.670
(1.27 GPa) (6.2 GPa)
Gres = 1.1 Mpsi 7144 = 1.120
(7.6 GPa) )
vr12 = 0.20 66 = 1.120
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Fig. 3 Modal characteristics of a [0/90 + 8/45 + 6/ — 45 + 6], canti-
lever beam (I/h = 125; I = 8 in.); first and second bending modes.

1, D, 4, 2), 2, 1), and (2, 2), are shown, respectively. It is
pointed out that this laminate has different flexural damping
and stiffness characteristics in x and y directions; thus modes
(1, 2) and (2, 1) have different natural frequencies and modal
loss factors. The finite element model consisted of a uniform
mesh of 8 X 8 element subdivisions. Clearly, there is excellent
agreement between the exact DLDT solutions and the finite
element model in the shown thickness regime. The exact
CLDT solution is also shown to illustrate the significant dif-
ferences between the two theories in damping prediction at
high thicknesses. The differences between DLDT and CLDT
predictions provide the estimate of interlaminar shear damp-

Fig. 4 Modal characteristics of a [04/ —04]s graphlte/epoxy simply
supported plate (a«/h = 100).

ing. Finally, the results calculated using the DLDT finite ele-
ment converge to the exact CLDT predictions as the plate
thickness is decreased.

[0/90/45/ — 45]; Free-Free Composite Beamn

Figure 3 presents the modal damping and natural frequen-
cies of the first and second bending modes of an unsupported
(free-free) [6/90 + 6/45 + 6/ — 45 + 0], thin beam (//h = 125).
This laminate configuration was used previously in both ex-
perimental and analytical studies.®® The CLDT model has
failed to capture the portion of damping due to interlaminar
shear stresses and relative rotation between adjacent plies.
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Hence, this case serves as a demonstration of the dependence
of damping on the specific laminate lay-up only and also as an
example of the capacity of DLDT to capture both flexural and
shear damping.

Equivalent element meshes consisting of 15 X 4 element
subdivisions were used to predict the dynamic characteristics
of the beam. The dimensions of the beam were approximately
equal to specimens used by Ni and Adams,’® that is, 200 mm (8
in.) long, 12 mm (0.5 in.) wide, and 1.60 mm (0.064 in.) thick.
As seen in Fig. 3, the DLDT damping predictions are higher
than the CLDT prediction and correlate very well with the
reported measurements®; hence, the new theory has succeeded
in capturing the interlaminar shear damping contributions in
the range of high interlaminar shear stresses and relative rota-
tion between outer plies (6 = 45 and 135 deg). It is emphasized
that in this case the interlaminar shear damping is mostly the
result of inhomogeneities in the material anisotropy between
the plies of alternating fiber orientation; therefore, the case
study serves as another example of the superiority of the
method.

{04/ — 84]s Simply Supported Composite Plate

The lower modal damping values and natural frequencies
predicted for a simply supported [0,/ —04], graphite/epoxy
plate are shown in Fig. 4. A uniform 8 X 8 finite element mesh
was again used to model the plate. The modes are identified
with their shape at 6 = 0. The plate is rather thin (a/h = 100);
therefore, the predictions with both DLDT and CLDT finite
elements were expected to be similar. Yet the DLDT element
resulted in higher predictions of damping with respect to the
CLDT element as a result of the additional shear contribu-
tions. The difference in damping predictions, which indicates
the contributions of shear damping, increased with the order
of the mode. It seems that the interlaminar shear damping
contributions are slightly higher for fiber orientations around
+ 45 deg, which corresponds to lay-ups with higher interlami-
nar shear stresses, indicating the advantage of DLDT in repre-
senting interlaminar shear damping.
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Fig. 7 Fundamental modal characteristics of a [f5/ — 05); graphite/
epoxy cantilever beam (I/h = 60).
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Fig. 9 Fundamental modal characteristics of a [§s/ — 05); graphite/epoxy cantilever beam (!/h = 15).

To investigate further the dependence of interlaminar shear
damping on the laminate lay up, the modal damping of the
preceding three modes is shown in Fig. 5 for plates of various

thickness. The damping predictions of the CLDT model, -

which are independent of thickness, are also plotted. The
corresponding natural frequencies are shown in Fig. 6. Keep-
ing in mind that the differences between DLDT and CLDT
results indicate the magnitude of shear damping, there is defi-
nite coupling between laminate lay-up and thickness, espe-
cially in the second and third mode. The interlaminar shear
damping is again higher at + 45 deg where the interlaminar
stresses are highest. In this manner, the results provide addi-
tional confidence and value to the damping mechanics.

[85/ — 85)s Cantilever Composite Beams

Figures 7-9 present the predicted fundamental modal damp-
ing and natural frequency of [0s/ — 5], cantilever beams with
thickness aspect ratios //h of 60, 30, and 15, respectively. The
width and thickness of the beams were 25.4 mm (1 in.) and
0.508 mm (0.2 in.), respectively. The same uniform mesh
consisting of 15 X 4 element subdivisions was used in all cases.
For ply angles between 0 and 60 deg, the DLDT model yielded
significantly higher predictions of damping and lower predic-
tions of natural frequency in the cases of thicker beams (//h
= 15). These differences were attributed to the high interlami-
nar stresses at the higher thickness beams. The coupling be-
tween lay-up and thickness of the beam is also illustrated in
Fig. 9. The results demonstrate again the quality of the
method in predicting shear effects due to thickness, laminate
lay-up, or combinations of both.

Summary
Computational mechanics for the analysis of damping and
other dynamic characteristics of thick composite structures
were developed and described. The damping mechanics in-

cluded micromechanics, discrete laminate mechanics, and
finite element based structural mechanics for composite struc-
tures of thicker cross sections and/or structures with laminate
configurations with significant interlaminar shear stresses. A
specialty four-node bilinear element with damping analysis
capabilities was developed and embedded into an in-house
research code.

Applications on composite plates and beams demonstrated
the quality of the methodology and its effectiveness in simulat-
ing the damping of composite structures of high thickness.
The potential of the method in capturing the effects of inter-
laminar shear damping due to higher interlaminar stresses as
the result of the laminate configuration was also illustrated.
Apart from the effectiveness of the mechanics, the case studies
revealed the strong sensitivity of structural composite damp-
ing to thickness, laminate configuration, and mode order and,
furthermore, the strong interrelationship between them. As a
result of this interrelationship, it seems premature to set quan-
titative guidelines regarding the limitations of the classical
damping theory, and the readers are encouraged to apply their
engineering judgment based on the reported results. In addi-
tion, damping was proved to be far more sensitive to interlam-
inar shear phenomena than natural frequencies. The devel-
oped integrated structural mechanics appear to be very
promising for the analysis of passive damping in thick com-
posite structures. Additional studies regarding the significance
of interlaminar shear damping on typical propulsion compos-
ite structures are planned for the near future.

Appendix
The off-axis ply stiffness matrix [Q.] is
{o.} =[Q:1{e} (A1)
[Q] = [RITQIIR]-T (A2)
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where [Q)] is the stiffness matrix in the material axes. The
transformation matrices are

m2 n2 0 0 O 2mn
n2 m* 0 0 O —2mn
0 0 1 0 0 0
[R]= 0 0 0 m —-n 0
0 0 0 n m 0
-mm mn 0 0 0 m?2-n?
m = cos 6, n =sin @ (A3)
[R17!=[R(-0)] (A4
The on-axis damping matrix is
[9:] = diag[ni1, m22, M33s Miass Miss, Nice) (A5)
The off-axis ply damping matrix is
] = [R1"[IR)-T (A6)
[ a2 0 0 0 meg]
Nar M2z 0 0 0 me
0 0 g 0 0 0
[n1 = . (A7)

0 0 0 Nead  Meds 0
0 0 0 7Mesa Mess 0
61 Mz 0 0 0 e
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